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Abstract. We propose and analyze a semidiscrete parametric finite element scheme for solving
the area-preserving curve shortening flow. The scheme is based on Dziuk’s approach [SIAM J.
Numer. Anal., 36 (1999), pp. 1808-1830] for the anisotropic curve shortening flow. We prove that
the scheme preserves two fundamental geometric structures of the flow with an initially convex curve:
(i) the convexity-preserving property, and (ii) the perimeter-decreasing property. To the best of our
knowledge, the convexity-preserving property of numerical schemes which approximate the flow is
rigorously proved for the first time. Furthermore, the error estimate of the semidiscrete scheme is
established, and numerical results are provided to demonstrate the structure-preserving properties
as well as the accuracy of the scheme.
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1. Introduction. Consider the volume-preserving mean curvature flow driven
by the motion law

(1.1) v=(H—-(H)N on T,

where T'; is a family of smooth hypersurfaces in R™, v denotes the velocity, A is the
inner normal vector, H represents the scalar mean curvature (with the sign convention
that H is positive for balls), and (H) := th Hds”_l/frt ds"~! is the average mean
curvature along I';. It is well known that the volume-preserving mean curvature flow
can be interpreted as the L2-gradient flow of the area functional under configurations
with a fixed volume [37]. The volume-preserving mean curvature flow has the following
fundamental geometric properties:

(i) Volume-preserving [2, Lemma 5.25]. It can be immediately verified that the

volume enclosed by T is indeed preserved by noticing

d
a|Q,§|:—/ U.Nds"*:—/ (H — (H))ds"! =0,
Iy Iy

where Q; is the region enclosed by T';. In dimension two (i.e., n = 2), it
becomes the area-preserving property for a planar curve.
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(ii) Area-shrinking [2, Lemma 5.25]. Actually, one can easily check that
d
Y- [ Ho-Nasn— = —/ (H — (H))2ds" <0,
dt T, I
When n = 2, it becomes perimeter-decreasing for a planar curve.

(iii) Convexity-preserving. When n = 2, it was shown by Gage that starting
from an initially smooth and convex closed curve, this flow (1.1) preserves
the converxity and evolves the curve into a circle [23]. Furthermore, Huisken
extended the result to higher dimensional cases [25]. For more general initial
data, interested readers may refer to [1, 22].

In this paper, we focus on the planar curve (n = 2). In this case, the volume-

preserving mean curvature flow is also known as the area-preserving curve shortening
flow (AP-CSF), and it can be parametrized by the following equation [23]:

(1.2) {@X:(H—ZL”)N, ¢es', te (0,1,

X(€7O):X0(€)’ £€S17

where X (€,t) : S' x [0,T] — 'y CR?, L := L(t) is the length of I';, by recalling the
theorem of turning tangents [17], i.e., th Hds' = 2r, for a simple closed curve T';.

Nowadays, the AP-CSF has found important applications in many research ar-
eas, such as materials science and image processing [27], and it can be viewed as an
area-preserving variant of the CSF [35, 42] or a limit flow of the nonlocal Ginzburg—
Landau equation [13]. There have been extensive numerical investigations concerning
the CSF or AP-CSF in the last decades. Among them, parametric finite element
methods (PFEMSs) have been widely proposed for simulating the CSF and some other
related geometric flows [3], e.g., the surface diffusion flow [4], and anisotropic geomet-
ric flows [6, 8, 9, 10]. Numerical approximations to the CSF by using PFEMs could
date back to the pioneering work of Dziuk [18] in 1991. Since then, various techniques
have been introduced to make the designed PFEMs more accurate and efficient in
practical simulations, including the method of Barrett, Garcke, and Nirnberg (the
BGN scheme) [6, 7] based on a novel variational formulation, the method of Deckel-
nick and Dziuk by introducing an artificial tangential velocity [15], and the method
proposed by Elliott and Fritz based on special reparametrizations [21]. These methods
induce appropriate tangential motions that lead to good mesh distribution properties,
which play a vital role in numerical simulations. Recently, more and more attention
has been paid to designing “structure-preserving” (e.g., area-preserving or perimeter-
decreasing) PFEMs for solving geometric evolution flows [3, 4, 28].

However, error estimates for these schemes seem difficult and quite challenging.
For example, Dziuk first studied the convergence of a semidiscrete linearly implicit
PFEM for the CSF [19] and anisotropic CSF [20], respectively, based on a finite
difference structure; Li developed a new technique to analyze the convergence of
semidiscrete high-order PFEMs for the CSF [33] and mean curvature flow of closed
surfaces [34], respectively. For Dziuk’s fully discrete linearly implicit scheme [19],
very recently an optimal error estimate in H' was established by Ye and Cui [44].
As for the error analysis about other numerical methods of the CSF or other related
geometric flows, we refer the reader to [5, 15, 21, 26, 30, 31, 39].

As for the AP-CSF, there exist various numerical methods in the literature, e.g.,
the finite difference method [35], the MBO method [29, 40], the crystalline algo-
rithm [43], and PFEMs [11, 38]. Particularly, structure-preserving properties were
investigated in [11, 38, 41, 43]. For example, the semidiscrete PFEM in [11] based
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on an elegant variational formulation was shown to preserve the length shortening
property. The semidiscrete polygonal evolution law in [41] based on the definition
of tangent and normal vectors/velocities at each vertex and the fully discrete PFEM
in [38] were shown to be area-preserving and perimeter-decreasing. However, er-
ror estimates have been barely studied for the above-mentioned methods, except for
the crystalline algorithm in [43], where the error estimate was only established for
the curvature since the numerical scheme was designed based on the crystalline ap-
proximation, which merely involves the curvature. To the best of our knowledge,
there exist few numerical analyses of numerical methods for solving the AP-CSF, and
the convexity-preserving property has never been investigated in the literature. The
reason is that the nonlocal term in the AP-CSF has brought about difficulties and
considerable challenges in numerical analysis.

In this paper, we propose a semidiscrete PFEM for the AP-CSF based on Dziuk’s
approach for anisotropic CSF [20], investigate its structure-preserving properties, and
present its error analysis. Specifically, we prove that our scheme preserves two impor-
tant geometric structures of the AP-CSF, i.e., convexity-preserving and perimeter-
decreasing properties. As far as we know, this is the first work to rigorously prove the
convexity-preserving property and to give the error estimate of numerical methods
for solving the AP-CSF.

To start, (1.2) can be written more explicitly as

. 1 3§X 2w an )J_

- 0 =i (o)~ 7 ()
where (a,b)* := (=b,a). This naturally yields a weak formulation: for any v €
(H'(S"))?, it holds that

(1.4) / 0 X]0X - v d§+/ X pew d§+/ 29Xt v de =0,

St st |0 X| st L
As mentioned in [19], the derived linearly implicit PFEM from the above formulation
for the CSF (with the last term missing) may fail to preserve the length shortening
property of the CSF. To overcome this, Dziuk proposed another scheme based on
the lumping of masses in [19] for the CSF. Here we utilize a similar approach: find
a solution X (&,t) € V}, x [0,T] satisfying the weak form (2.4) with initial condition
Xn(€,0)=I,X° where V}, is a vector-valued Lagrange finite element space consisting
of a piecewise linear polynomial and [}, is the standard Lagrange interpolation. Similar
o [14], the semidiscrete scheme focuses on the motion of the initial polygon, which
is determined by the evolution of the vertices. We show that if the initial curve
is convex, then the evolved polygon remains convex all the time. Moreover, the
perimeter of the polygon is decreasing. To show the convexity-preserving property,
we characterize the convexity of a polygon by the positivity of the oriented area of all
adjacent triangles, which will be shown by a contradiction argument. Surprisingly, the
perimeter-decreasing property can be reduced to a pure trigonometric inequality when
the polygon remains convex. We note that nondegeneration of vertices is necessary to
ensure the evolved polygons are well behaved. This will be guaranteed by the error
estimate of the scheme, which shows that the semidiscrete scheme (2.4) converges in
H' at the first order, and the lower bound of the edge lengths of the polygon could
stay positive all the time.
The rest of the paper is organized as follows. In section 2, we start with the spa-

tial discretization which approximates the AP-CSF and summarize our main results.
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In section 3, we prove that the numerical scheme rigorously preserves two impor-
tant geometric structures of the flow, i.e., the convexity-preserving and perimeter-
decreasing properties. Then, we present the proof of the error estimate of the scheme
in section 4. Finally, some numerical results produced by the scheme are provided in
section 5 to validate our theoretical results.

2. Spatial discretization and main results. Let 0=¢) <& <--- <&y =27
be a partition of S' =[0,27]. We denote h; = ¢&; — &1 by the length of the interval
I;:==[¢-1,§;] and h =max; h;. Throughout the paper, we use a periodic index, i.e.,
fi = fj+~ when involved. We assume that the partition and the exact solution are
regular in the following senses, respectively.

Assumption 2.1. There exist constants C}, and Cp such that
mjmhj >Cph, |hjz1—hj| <Cph?, 1<j<N.
Assumption 2.2. Suppose that the unique solution of (1.2) with an initial value
X% e H2(S") satisfies X € WL ([0,T], H*(S")), i.e.,
K(X) =X lw.oe o, m2(81)) < 00
We further assume that there exist constants 0 < k1 < k9 such that
w1 < |0 X (6,1) <k Y (€,8) €S x[0,T].

We define the following finite element space consisting of piecewise linear functions
satisfying periodic boundary conditions:

Vi ={veC'(S",R?) vy, € Pi(Ij), 1<j<N, v(&)=v(n)},

where P; denotes all polynomials with degrees at most 1. For any continuous function
v e C°(S',R?), the linear interpolation Iv € Vj, is uniquely determined through
Inv(&;) =v(;) for all 1 <j <N and can be explicitly written as Iv(€) = Zjvzl v(&5)
©; (&), where ¢; represents the standard Lagrange basis function satisfying ¢;(&;) =
di;. We have the following basic estimates from finite element theory.

LEMMA 2.1 (see [12]). Under Assumption 2.1, there exists a constant C' depending
on Cp,Cp such that the following estimates hold:
(i) Interpolation estimate. For anyY € H?(S'), we have

|Y = I,Y |2 <CRF|Y || g, k=1,2; ||Y — Y]z < CRY?||Y | g1,

(2.1)
10 (Y = 1nY) [[L2 < Ch[[Y |2, [|0eInY |2 < C[[Y [ g2

(ii) Inverse estimate. For v, € V3, we have
(2.2) lonllpe < CR™ 2 |onllce,  [lonllan < Ch™onll 2.

DEFINITION 2.2. We call a function
N
(2.3) Xn(60) =) X;(1)p;(€):8' x [0,7] - R?
j=1

a semidiscrete solution of (1.3) if it satisfies the following weak formulation:
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0 X,
st [0 Xl

/1 |85Xh‘3tXh~’Uh dé + 'agvh dé
(24) 7’8 )
h®|0: X 2
“r/ M@&Xh . 85vh d¢ +/ l(ath)l cop dE=0 YV oy €V,
st 6 st Lh
with initial condition Xp(£,0) = I, X%, where Lj, represents the perimeter of the
evolved curve (image of Xp,), i.e.,

N

N N
L= hy [0eXall, =D 1X;— Xjoal =) a5,
j=1 j=1

=1
and h is a piecewise constant h=h; on I;.

Remark 2.1. A similar version of (2.4) was proposed and analyzed in [19, (9)
and (15)] and [20, Definition 4.1] f02r CSF and anisotropic CSF, respectively. The
introduction of the third term fsl %a&xh - Ogvpd€ in (2.4) gives rise to the
so-called mass-lumped scheme (similar to (3.1)) that preserves the length shortening
property for the CSF, which was missing for the original formulation (e.g., (1.4)). On
the other hand, a more natural explanation was given in [39, (1.6) and (3.12)], where
it was shown that (2.4) is equivalent to the following scheme:

0e X 2

/ |0 X1 I (8 X, - vp) d§+/ S ey, d§+/ T (0eXn) " - op dE=0Y vy € Vi,
Sl Sl |6£Xh| Sl Lh

which looks like the original version (1.4) with the Lagrangian interpolation introduced

for the first term.

Next we present the main results of this paper.

THEOREM 2.3 (convexity-preserving). Suppose the initial curve Xp,(€,0) = I X°
18 a convex N -polygon; then it is always a conver N-polygon during the evolution by
(2.4) if ¢; >0 for all j.

THEOREM 2.4 (perimeter-decreasing). Let X}, be the solution of (2.4) with convex
initial data; then the perimeter of the closed curve is decreasing, i.e.,

d
(2.5) dtLh <0.

Remark 2.2. For the cases of classical CSF or anisotropic CSF and the corre-
sponding solutions based on similar formulations as in (2.4), by direct computations
based on a finite difference structure, it was shown in [19, 20] that the length of each
element of X is decreasing, i.e., ¢}(t) <0 for 1 < j < N. This directly implies the
perimeter-decreasing property. We point out that this property can also be obtained
by standard energy estimates for the CSF. However, in our AP-CSF case, both argu-
ments fail to derive the perimeter-decreasing property. We have to carry out a more
careful investigation in which the convexity property plays a vital role (section 3.2).

Remark 2.3. We would like to point out that our scheme (2.4) cannot strictly
mimic the area-preserving property of AP-CSF in the discrete form. As shown in
Figure 5.1(b), our scheme has an area loss at O(h?). The area-preserving property
of AP-CSF can be achieved at the discrete level by using the BGN-type schemes as
proposed in [4, 28, 38], but the question of how to prove the convexity-preserving
property and establish the error estimates of the BGN-type schemes is still open.
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THEOREM 2.5 (error estimate). Let X (&,t) be a solution of (1.3) satisfying As-
sumption 2.2. Assume that the partition of S' satisfies Assumption 2.1. Then there
exists hg > 0 such that for all 0 < h < hg, there exists a unique semidiscrete solution
Xy, for (2.4). Furthermore, the solution satisfies

T
/ 0:X — 0, Xp||22ds + [Sup] X — Xul|2: < CR?,
0 0,7

where hy and C depend on Cp,Cp,k1,k2,T, and K(X). In particular, we have
(2.6) ming;(t) >0 Vtel0,T].
J

3. Convexity-preserving and perimeter-decreasing properties. Similar
to what was done in [16], we rewrite (2.4) into a lumped mass formulation. More
precisely, taking

£ §ir1—¢&
=30 = (555200, + 8225, o

n (2.4), where y is the characteristic function, calculations in [20] give

9 X h2|0: X
/Sl |0 X1 0: X - vp d§+/§1 Ic’szZ\ - Devn, dg+/§1 %afatxh - Devp, A€

_ 4G+ g o (1] 1]
= U (T - T,

where al!! denotes the first component of the vector a € R?, and

T .- Xj—Xj,1 N':<Xj_Xj1 )J_
TXG - X 7NIXG = X

For the last term involving the perimeter, we similarly compute
2w
/ L—(@th)L “vp d€
st ~h

Y o2m g §—&i—1 S 2w i &i+1— &
— N - (3—70> d§—|—/ 22 45+ ar .<J+70> d¢
/EJ s Lnhy h; e Inhipg hja

quN[l] + qu+1./\/‘[

J

Similarly taking vy = (0, ¢;) yields the equation for the second component. Thus the
weak formulation (2.4) is equivalent to the following lumped mass formulation:

(3.1)
+ ™ ™
Lrhel QQJHX =Tiv1—Tj - E(%‘M + ¢+Nj) =Tjs = T — 7, K - Xj-1)*t

Hence it remains to solve the ODE system (3.1), and the image of X}, is a polygon
with X;(t) as the vertices.

For further studies, we derive some important formulae which will be used fre-
quently. Straightforward calculations as in [16, Proposition 4.1], [20, Lemmas 3.1 and
4.2] and [39, Lemmas 2.4 and 3.2] lead to
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(3-2) 0|0 X | = —|0e X [|0: X |* + 0, X - R|O¢ X,
1 1
33) —¢j=————[Tin—T’————IT1 — TP+ T;- (R, - R;
(3:3) dt‘]ﬂ Qj+Qj+1| i1 — Tl Qj+Qj—1| i-1— Tl 5 (R i—1)
C4g. . g
(3.4) =BT R - BTN R P4 T (R - Ri),

4 4

where for simplicity we denote
_2m Njgj + Njigi4
Lp ¢ +4qjm

2
(3.5) R:= —%N, R;:=

By using above quantities, (3.1) can also be written as
(3.6) Xj =R =2(Tj1 = T5) /(a5 + gj41)-

In this section, we will prove that this semidiscrete geometric flow preserves the
convexity of polygons under the nondegeneration property of vertices, which can be
guaranteed by (2.6). Furthermore, the perimeter-decreasing property is also shown
for convex initial data.

3.1. Proof of Theorem 2.3. First, we carry out some clarifications concerning
a polygon. We denote P = (Y1,...,Yn) as an N-polygon with Y; being its vertices and
Y;_1Y; being the edge connecting Y;_; and Y;. We emphasize that P = (Y1,...,Yw)
has exactly NV sides, i.e., none of any three adjacent points are collinear. We say P is
a convex polygon if it is the boundary of a convex set. Without loss of generality, we
assume that Y; is arranged in an anticlockwise way. We define the oriented area of
three points Y7,Ys, Vs € R? as

1 1 1 W1 1 n
Area(Y1,Ys,Y3) =3 1 =z yo =§(Y3—Y2)'(Y2—Y1) )
1 x5 ys
where Y; = (z;,9;), ¢ = 1,2,3. The following characterizations of convexity are

straightforward.

LEMMA 3.1. Let P = (X4,...,Xn) be an N-polygon. The following statements
are equivalent:
(i) The N-polygon P = (X1,...,XnN) is convex.
(ii) Any internal angle £X;_1X; X411 <7 forj=1,...,N.
(111) Sj = Area(Xj_l,Xj,Xj_H) >0 fOTj = 17 cen ,N.
(iv) S;C =Area(X;_1,X;,Xi) >0 forj=1,...,N and k#j—1,5.
Here, we set Xo=Xpn and Xyi+1 = X1 when involved.

Proof. Clearly we have (i)<(ii)< (iii) and (iv)=-(iii). It suffices to show (i)=(iv).
Indeed, by the support property of convex polygons [24, Theorem 4.2], for any X €

X,;-1X, there exists a support hyperplane ¢(X) such that P is contained in one of
the two closed halfspaces determined by ¢(X). It is obvious that X; 1 X; C/(X). In
particular, for any k # j —1,j, X, lies in the same halfspace determined by ¢(X), i.e.,
there exists a nonzero vector A’ € R? such that

(3.7) NA(Xj = Xjm1)=0, N (Xp—X;-1)>0(k#j—1,7)
Thus we can write N’ =¢(X; — X;_1)*. Noticing that

257 = (Xj = X;) - (Xj = Xjo1)" = (X = Xjo1) - N/e, k#j—1,7,
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which together with (iii) implies € > 0, this yields (iv) by recalling (3.7), and the proof
is completed. 0
Inspired by (2.3) and (3.1), to prove Theorem 2.3, it suffices to show that for any

t > 0, the N-polygon P = (X1,...,Xn) is convex. We first compute the evolution
formula of the oriented area of the triangles consisting of three adjacent vertices.

LEMMA 3.2. Under the flow (3.1), if g; >0 for any j, then the oriented area S;(t)
satisfies
d

1 T
T X1 = Xja]?

qj +qj+1 Ln
(X, = Xj) - (X5 — Xj0)

Si(t)=—a; - Sj+b;- 57 +¢;- 5+
1

44— -
q5— 1+QJLh

1 ™
+—— =X 1) (X, — X ,
Qi1 + Q2 Ly J J 1) ( J .7+2)

where a;,b;,c; are positive functions defined by

2 2 2 2 2
a; = + + , b= = :
G%-1  G%+1 G2 ¢i-1(qj—1 +q5) ¢i+2(qj+1 + qj+2)

Proof. By definition, it can be observed that

1 j9j
8= 5 (X = X)) - (X = X))t = 5T A,

Employing the flow equation (3.1), we derive

d 1d

P j=§&(Xj+1~le + XX - Xy Xy
1dXj01 oy o, . 1dX; Ly, X N
BT (X 7Xj—1)7§F'(X]+1 Xj )+§ at (X5 — X))
é:J1+J2+J3,

where we have used the property u- vt = —v-u' for any u,v € R%. Applying (3.1),

one can calculate J; as

qj :
(gj+1+ @j42) 1 = (@51 + Gi+2) X401 - Nj

2
e N
(T T (a3 ) )
Xt — X, q; T
:MJ'QjM_<1+ ]+1>73+1'qu/1‘_(Xj+2_Xj)'qj73
j+2 qj+2 Ln

2

QJ+2

2 2 2 ™
5 - <(Ij+1 + qj+2> Si— 7, (X = X)) (Ko = X5).

Similarly one easily gets

2 2 s
(¢ +qj+1) J2=— ( + ) S; +1 |Xj+1 - X,
q; qj+1

2 2
(gj—1 +Qj)J3:_(ql ; q)S + SJ+1+L (Xj = Xj1) - (X — Xj—2).
j— j

Combining the above equations together yields (3.8) immediately. |
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Now we turn to the proof of convexity-preservation.

Proof of Theorem 2.3. Define the function F(t) := min{S;(t), 1 < j < N}. It
follows from the assumption that F'(0) > 0. By the definition of N-polygon and
Lemma 3.1(iii), it suffices to show F'(t) >0 for ¢ € (0,T).

We argue by contradiction. Suppose the contrary; by continuity there exists the
smallest time 0 < tg < T such that F(tp) =0. Then we have the following:

(1) there exists some triangle such that the oriented area achieves zero at to;

without loss of generality, we may assume Sa(tg) = Area(X1, X2, X3) (t9) =0;

(2) the N-polygon P(t) = (X1(t),...,Xn(t)) is convex for 0 <t < to; hence by

Lemma 3.1(iv), it holds that

Skt)>0, VO<t<ty, Vj=1,...,N,Vk#j—1j
Thus by (3.8), one has

d
(3.9) 0> 552(150) =by - S9(to) + c2 - 95 (to) + Q(to),
where
1 T 1 s
to) = — X5 — X1 2(to) + — (X5 — X3) - (X2 — Xo) (t
Q(to) q2+q3Lh|3 1]%(to) q1+q2Lh(2 3) - (X2 0) (to)
1 T
+ — (X9 — X1) - (X9 —X4y) (to).
q3+q4Lh(2 1) (X2 — X4) (to)

Notice that (1) implies that X7 (tg), X2 (o), X3(to) are collinear. There are two possi-
bilities: (1) (X2 — Xl) . (X3 — XQ)(to) > 0, (11) (XQ — Xl) . (X3 — XQ)(to) < 0. Next we
discuss it case by case.

Case (i). (X2 —X1) (X3 —X2)(tg) > 0. First by (2) and continuity, we easily find
that S9(to) > 0, S3(to) > 0. We claim that Q(to) > 0. Actually, notice that in this
case it holds that

| X5 — Xa|(to) = [ X5 — Xo[(to) + [ X2 — X1(to) = ¢2(t0) + g3(t0),
which implies
| X5 - X )? f) =~ (@2t g3)° (to) =
Ly q+gs Ly q2+gs Ly
On the other hand, by the triangle inequality, one can estimate

1 s 1
— (X2 —X3)- (X2 — Xp) > —

(g2 +q3) (to).

T T
(g3 (1 +q2)) = ——q3,

q1 + g2 Ly g1+ qo Ly, Ly,
L T Xy X1) - (X — X > -
R 7 e P
Thus
T iy v
to) > — to) — ——qs(to) — —qsa(te) = 0.
Q(o)th(‘D‘HIB)(O) LhQB(o) th2(0) 0

Recalling (3.9), all the above inequalities become equalities, i.e., S$(tg) = S5 (to) =0,
and

| X2 — Xo|(to) = q1(to) + q2(to), |X2 — X4|(to) = qa(to) + qa(to)-

This means X, X1, X5, X3, Xy are collinear at ty and are arranged in order, i.e.,
(XjJrl — XJ)(to) = dj(Xl — Xo)(to) with dj >0, j=1,2,3. In particular,

Sg(to) =0, (X3 — X2) . (X4 — Xg)(to) > 0.
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Repeating the above procedure another N —4 times, we get that at time t¢, all vertices
(Xo,X1,...,Xn) are collinear and are arranged in order, i.e.,

Xj+1(t0)—Xj(to):dj(Xl(to)—Xo(to)), dj>07 j:1,2,...,]\7—17

which contradicts the periodic condition Xy = Xy.

Case (11) (X2 - Xl) . (X3 - XQ)(to) < 0. This means (Xg - XQ)(tO) = dQ(XQ -
X1)(to) with da < 0. By (2) and continuity, we have S3(tg) >0, S3(to) > 0. On the
other hand, by definition, one finds

Sa(to) = 5(Xa = Xa) - (Xs = Xa)*(t0) = 5 (Xa = X2) - (X = Xa)* (10)

da

)

It follows that S3(tg) =0 and X7, X5, X35, X4 are collinear. We claim that

(X4 — X2) - (Xo — X1) 1 (to) = da2 S5 (tg) <0.

(X4 — X3)- (X3 — X5)(to) <0.

Otherwise, Case (i) happens for the collinear points Xo, X3, X,4. Differentiating S; at
to and repeating the arguments as in Case (i) involving S5 will lead to the conclusion
that X7, Xo, X3, X4, X5 are collinear and are arranged in order, which contradicts the
premise that (Xo — X7) - (X3 — X2)(to) <0. Thus it holds that

Sg(to):(), (X4—X3)-(X3—X2)(t0)<0.

Repeating this argument, we can conclude that all vertices X1, Xo,..., Xy are collinear;
furthermore, every three adjacent vertices are interlaced, i.e.,

(XjJrl—Xj)'(Xj—Xjfl)(t0)<0, j=1,...,N.

In particular, all exterior angles of the polygon P(ty) are m. On the other hand,
noticing each exterior angle oy is continuous, by continuity and convexity, we have

N N
Nm= Z;ozj(to) = tllglo z;aj(t) =2,
j= i=

which leads to a contradiction since N > 3. 0

Remark 3.1. A similar argument holds for Dziuk’s semidiscrete scheme [19] for
the CSF. More precisely, under nondegeneration of vertices (¢; > 0) we can first prove
that if the initial polygon is convex, then the evolved polygon under the semidiscrete
scheme of the CSF is also convex unless all vertices are collinear at some ty > 0, in
which case the area vanishes, i.e., Area(P(tg)) =0. On the other hand, applying the
error estimate of the scheme for the CSF [19, 20], we arrive at

Area(Ty,) ~ Area(Plto) = | [ ooy ae~ [ ogn i ag

< [ oc ool -lul ¢+ [ 1ocon -1y = de

<Csup || X — Xp| g1y < Ch,
(0,7

where T'; represents the real curve driven by the CSF. This implies that Area(P(ty))
stays away from zero if Area(I';) has a positive lower bound for ¢ € (0,7] and h is
small enough. This leads to a contradiction!
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3.2. Proof of Theorem 2.4.
Proof. Applying (3.3), we get the derivative of the perimeter

N d N 1
h=> o= —|Tl—TQ—T»_1—TZ)
> g I A UREL]

j=

27 qj+1 qj—1
+ — -2 TN+ T - N,
Ly Z( e J J+ 4+ 41 J J

N
|T+1 2 2
22 ’ -, 2T N,

=Y +Qy+1 o

where we have used the fact that

N
S (T N+ )

j—l q; + qj+1 q; + qj-1
q q al
_ s T TN N J 7')
= g “Njp1 — ————Njy1- E i+1-
= < q; +qj+1 Ti- N q; + qj+1 A = A

We denote a; by the exterior angle of the polygon at X;. By Theorem 2. 3 P( )
remains convex for all ¢, which implies that 0 <a; <7 for j=1,...,N, and E
27. Direct computations yield

1 Ti41—T;1* =2 — 2cosa; = 4sin®(a;/2) and 7;-Njy1 = —sina;.

By the Cauchy—Schwarz inequality, one easily gets

[N

1
2

1
. Q; 4sin® (%) [N .
jz::l2slr1 (7)§ Z D Jzz:lqj + qj+1 = (2Lh)2 Z

o T Gn j=1

4sin? (%)
q; + qj+1

Hence we derive

2
N .2 oy N N
dLy dsin® (§) o« —2 ey .
E:_szl <A.2—th1naj §L—h 2 jElem (é) —ﬂ'jg:lsmozj <0,

q; + qj+1

where in the last inequality we have utilized a trigonometric inequality (cf. Lemma 3.3
below) and the proof is completed. ]

LEMMA 3.3. Define

2

N N
fn(Br,... BN): ZSlnﬂg —% Zﬂj Zsin(?ﬁj) , ogﬁjgg.
j=1 j=1

Then it holds that fn(B1,...,8n) > 0.
Proof. We prove fn(B1,...,8n) >0 by induction. For N =1, we have

fi(B1) = sin? By — % -sin(261) =sin By cos By (tan 51 — 1) >0
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Now suppose fn—1(B1,...,8n—-1) > 0; we first compute

Ofn(B1,--.,0N)

N | X N
O6n :2cosﬁN~Zsinﬁj—§Zsin(25j)—25j-cos(2ﬁgv)
j=1 j=1

Jj=1

N N N
> 2cos? By - Zsinb’j — Zsinﬂj cos fB; — Zﬁj -cos(20n)

Jj=1 Jj=1 j=1
N
= Z (sinB; —sin B cos B; — (B; —sin ;) - cos(28n))
=1
JN N
> " (sinB; —sin B cos B; — (B; —sin B;)) =: > B;(B)).
Jj=1 j=1

Notice that
0B,
0p;

this implies that B; is increasing and, particularly,

=cosf3; — cos? Bj + sin? B — (1 —cosfBj) =2cosf; — 2 cos? Bj > 0;

B;(B;) > B;j(0)=0, B;€l0,7/2], j=1,...,N.
Hence one gets W >0, and by induction,

fN(ﬁlr"wBN)ZfN(/Blw"wBN—hO):fN—l(/Blw"vBN—l) 207

which completes the proof. 0

4. Proof of Theorem 2.5. In this section, we present the error estimate by
following the lines of Dziuk’s argument [20] and Pozzi and Stinner’s computation [39].
We establish the stability estimate and length element difference under the assumption
of boundedness of the semidiscrete length element. Then a bound of the semidiscrete
length element is given. All above preliminary estimates together with the continuity
argument enable us to derive the desired error bound. Throughout this section, we
assume that Assumptions 2.1 and 2.2 are always valid, and we denote C' > 0 by a
general constant that may change from line to line. For simplicity, we omit the space
whenever the norm is defined on S'.

We first give the stability estimate.

LEMMA 4.1. Assume further that the solution of (2.4) satisfies

(4.1) ir€1f|65Xh|Zco>O and sup|0¢Xp|<Coy VO<t<T*<T.
3

Then for any t € [0,T*], we have

(4.2
t t

| [ox ~axiPadeas+ sup [ 1T - TiPade <C [ g anlfads + i,
0 JS S 0

0<s<t
where T = 2% T, = 25X 4 =0 X|, qn = |0:Xn|, and C depends on C,, C
BN h*lagxh‘; q=10¢ s Qh = |Og Ap|, an epenas on Uy, Up, K,
o, Co, and K(X).
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Proof. We first notice that the boundedness of the length element will imply the
boundedness of the perimeter. Indeed, by Assumption 2.2 and (4.1), one easily gets

(4.3) 2k < L<27mke, 2mcog<Lp<2rCy Vtel[0,T"].
Recalling 0¢ X #0, 0: X}, #0, |T|=|Tn| =1, this enables us to write the following:

10e X — 0: Xp|? = [0 X|* + [0: Xp|* — 20e X - 0 X,
(4.4) =(q¢—qn)* +2qqn — 2qqn T - T
=(q—qn)’ +qqn(2=2T - Tn) = (¢ — a@n)* + qau| T — Ta|*.

Taking the difference between (1.4) and (2.4), we obtain that the error equation

/ (|6§X\ 8tX - \8§Xh|8tXh) - Up, d§+/ (T— 771) . 857)]1 df
Sl Sl

h?[0: X4

2 2
s [ (B oex - aexi ) v de = 0e0r X, - Do d
st h

gt
holds for any v, € V},. Taking vy, = I;,(0; X ) — 0, X}, € V}, in the above equation yields
/Sl 0: X — 8; Xp|2qndé + /S (T —T1) (0e0 X — 8:0, X)) dE
= /S 0 X - (qn — q) (1,0, X — 0, Xp,) d¢ + /S %a@xh 0 (InO, X — 0, Xp,) A€
+ /S an - (0e X — 0, X1,)(0e X — 15,0, X )d€ + /S (T = Tn) - (00 X — 0e 150, X ) A€
+ /S 2% (0: X — 0 Xp) " - (8, X5, — 1,0, X) d¢
+ /S (2% - %) (P Xn)" + (0 Xn — 1,0, X)dEL: Ty + T+ Js+ Ju+ J5 + Jo.

The estimates of the second term on the left side and J; for 1 < j <4 can be found
in [20, Lemma 5.1] and read as

/S (T T3 (060X — 0c0,X,) de

>4 ([ a7 Toade) - cloaxim [T TiPade+ la-m:).

Jp SE/SI 10, X — 0, X1 qndé + C(e)]|0: X || 7 /Sl (q—qhqh)Qd§ + Cllgnl| < 10:X |37 *
<e / 10X = 0 Xl and€ + ()0 X} llg — anlFe + CH20X s,

T2 < 5 lanll = 10X o < CH2 DX

Jy<e /S 100X — X0 Pande + C(©)lanll o~ 9 X 32
<e /S 10X = 00X Pandé + )20 3,

Jo CN0X a2 \IT = Tullz2h < C/ T = Thl?andé + Ch?||0. X |72,
St
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where ¢ is a generic small positive constant which will be chosen later. It remains to
estimate Js and Jg. For J5, we decompose it as Js = J51 + J50 with

Js1 = /S 2% (0eX — 0eXp) " - (04X — 1,0, X) de,
Jsz = /S 1 2% (8: X — 0 X)) - (8,X) — 0, X) dE.
Applying Assumption 2.2, (4.3), (4.4), and the interpolation estimate (2.1), we derive
Js1 < c/Sl 0: X — e X de + C/§1 18, X — 1,0, X |2d¢
~C (/S aan (|17 = Tal* + (g = @n)?) dg + 9 —L@Xé)
<C10X1 e [ 1T~ Til s +C [ (4= an)Pdé + CH0X [y,
Js2 < C(e) /S1 10 X — D X | de +e/§1 |00 X, — 0, X|* gndg
=C(6) [ anlT~TiP + (g =g+ [ 10X =0 g
< CEN0X e [ IT=Thl? adé + CEla = anll += [ 10X - 2,XT" anee.
Similarly we decompose Jg = Jg1 + Jg2 with

2 2
Jo1 :/ (I N l) (0eXn) " - (0:X — 1,0, X) &,
st

L In
2 27 n
— | (-5 (0:X0) - (0,X — 0:X) e
Joo= [ (F = 10) 0cxi)* - 0%, — ) de
Notice that
(4.5) |L— Lu| <llg — anllzr < Cllg — qnllze;

this together with (4.3), (4.1), and (2.1) leads to
Jo1 <C|L — Lp|* + C||0; X — 1,0: X ||22 < Cllq — qnl|22 + Ch?(|0: X |31,
1
Jea < C/ |Ln, — L|g7 |0:Xn — 0:X|dE < C(e)| Ly, — LI* + 5/1 an|0: X — 0 X|° de
St S

<O la—anls +e | o -0, x s
Combining the above inequalities, we obtain
[ 1o —axiPads+ g [ =T T <de [ 10X - 0X Pana
+C()h*0:X 72 + Cle, K(X))la — anl72 + Cle, K(X)) /S T = Tul?qndé.

Choosing ¢ small enough, integrating both sides with respect to time from 0 to ¢,
noticing that
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1
[ =T T ©@an0)dg =5 [ 1T =T O
st st
< O/ 106X — 0 X3, (0)d€ < Cl|9e(X — 1, X)(0)[|72 < Ch? [ X° 3,
st
we are led to the estimate (4.2) with appropriate constant C by applying Gronwall’s
inequality and Sobolev embedding H'(S') < L>®(S!). |
LEMMA 4.2. Suppose

/1 T Tal* and€ + llg — anl72 < C1h* ¥ £€(0,77);
S

then there exists a constant hg such that for any 0 < h < hg, we have

irglfqh23/i1/4 and supqp <3kg/2 VY te[0,T7],
3

where the constant hy depends on C1,Cp,Cp, k1, k2, and K(X).

Proof. Applying the triangle inequality, the interpolation error estimate (2.1),
and the inverse estimate (2.2), we can derive

106X = 0 Xl oo < [|06X = InOc X || oo + (|0 Xn — TnOe X || e
< CRY2||0e X ||y + ChY 2|0 X — 1n0e X | 1
< CRY2|| X || g2 + ChV 2|0 Xy, — 0 X || -
The assumption and equality (4.4) imply

1/2
06 ~ 0¢ X2 < ( [ anlT -~ Tia o i < V(14 10X I
Then it follows that
106X — O X oo < C (K (X),C1) B2,
and the conclusion follows by recalling Assumption 2.2. ]

In order to estimate the length element difference, we first give the following
preliminary lemma by following the lines of [39, Lemmas 3.2 and 4.1].

LEMMA 4.3. Under the assumptions of Lemma 4.1, there exists a constant C
depending on k1,Cyp, Cp,co, Co, T such that the following estimates hold fort € [0,T%]:

(16) R Rl SC(L= Ly +|T =T+ [T~ Toal) =1...,N,
t

(47) / (QJ +qj-‘-l)l‘}(j 7Rj‘2d5§0h7 j:]-a"'aNa
0

where R and R; are defined as in (3.5). Moreover, we have the estimates on I;:
Jj+1
S T- Tell 221,y < CR* | X | B2(s,) + CIT = Tall 225,

k=j—1

J
(4.8) D0 10X = Xill72(1,) < CRAIOX 1 (1) + ClOX = 0 XnlTa 1),
k=j—1
Jj+1
Z llqh; — ‘Zk||2L2(1j) < Ch4||X||§12(sj) +Ch?|lg - Qh|\2L2(sj)7
k=j—1
with Sj =L;iUli Ul
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Proof. First, (4.6) can be easily derived by employing Assumption 2.1 and (4.1):

27T-/qug'+-/\/j+1qg'+1‘

Ly qj + qj+1

‘_7/\/' TFN’—F 2771'9“{]‘(./\/'*./\/]‘)’4_ 2lqj+1(N7-A/j+1)
Ly Ly qj+qj+1 L, ¢ +qin

SC(L=Lup|+|T =T + T = Tjtal) -

IR— R|—‘——N

For (4.7), equation (3.4) implies
t . .
/ (4 +¢j+1)1X; — By + (a5 + ¢j-1)|Xj-1 — Rj—1[*ds
0

t
d
=4/ Tj- (B = Rj-1) — 5,45 ds
0

Nia: + N . Nia: + N 1.
0 h q; + qj+1 q; +qj-1
<C/ ‘ ]‘HqJ‘H‘_A'_‘T M‘d +Ch
4 + qj+1 g+ gi
2 T t 2 2
/ T2 = 73" | [T TP ds+C(€)/ LT I N PG/
QQ+q]+1 q; +qj—1 o 4 +taq+1 g +qi—
12
/ |73+1 |T 1 7;| dS-l—C(E)h
q; + qJ+1 45 t+qj—1

= [ @+ I~ R (0 o) oo Byl Ol

where for the second inequality we used (4.3) and (2.1) to get that

27
I, S <C,  q;(0)=h;|0:X}| = |01, X°| < C(X)h,

for the third inequality we employed Young’s inequality and the fact 7; - N =0 to
derive
] /\/}+1 qj+1

45 + qj+1

. T —Tiaql? q?
< T - Tl < Lo Tnl | o G
4 + i+ 9 + g+ % T i+

Nit1gj41 _

! q; +4j+1

and for the last equality we used (3.6). Obviously (4.7) follows by taking ¢ = 1.
The estimates in (4.8) can be established by using arguments similar to those in [39,
Lemma 4.1] and are omitted here for brevity. |

Next we present the key length difference estimate with the aid of Lemma 4.3.

LEMMA 4.4. Under the assumptions of Lemma 4.1, we have

t t
||q—qh||%2gc/ /S |8tX—8tXh|2qhd§ds+C/ /S T — Ta|? qndéds + Ch?,
0 1 0 1

where C' is a constant depending on C,,Cp,k1,co,Co,T*, and K(X).
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Proof. By definition, one has
N
[ @t —aen) ae=3 [ (e -0/
j=1"1i
By integration for % (hjq —g;), we can write

t t
(hjq —q;)(t) = (hjq — q;)(0) +/ (hjOq — ¢;) ds =: P+/ A ds,
0 0
where, by the interpolation error estimate (2.1) and inverse estimate (2.2), P satisfies

|P| = h||0:X°] — |01, X°||, < Ch)|0e(X° — I, X%) || oo 1) < CRP?| X0 2, ).

Applying (3.2) and (3.4), on each grid element [; =[£;_1,§;], we can write A as
d hjq 4G+ g+t
A= (hja—g) =~ (;atXRF - - Ry
h; R
—(hjq(dX —R)-R+T;-(Rj—R;_1))&: —At — A~ — A.

The terms fot |AT| ds and fot |A~| ds are estimated in [39, Lemma 4.4] and read as

, 1/2
t t J
Juarislapas<ogiren| [ 37 10X R (K- RoPas|
0 0 kS
t 1/2
Qo= ([ (a5 +Inja = gl + Ingg = 1) s )
0
where (4.7) has been used. Applying (4.6), we immediately get
t t 1/2
/(|A+\+\A’|)d5§CQj+Cth+Cth+C’h (/ |L — Lp|? ds) ,
0 0
¢ it H2 ' . . 1/2
T; = / ST - Tel?ds , Y= (/ 8tX—Xj|2+|8tX—Xj1|2ds) .
0 xSy 0

It remains to estimate fot |A| ds. By definition, one has

~ hiq 27 2T qi+1
A= xRy (2T - 2T it
g OX-F) ( LN> Tn )+ Ny
hjq 21 21 q‘jfl : ‘ AT -~
+ 240X - R) ( LN)+thj+q,j_173 Ni_1 2 Ay + A,

Recalling (3.6), we observe that

T N =T (T = T)" = N5 (T = Ty) = =5 - (X Ry),

which implies
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A =hsq(@X ~ R)- (~ TN + %Nj)
+(gj+1 = hjq) (BX — R) - %Nj +((X; — Rj) — (X —R)) - %‘b’ﬂ/\/f

Therefore, by the assumptions and (4.6), we can estimate

t t N N . t
/|A1|ds§Ch/ ‘L—Lh]‘—k\Xj—Rj—@tX—kRMs—kC/ 541 — hyqlds
0 0 0

L L
t Jj+1 t t
g(]h/ \L_Lh\+Z|T—n|ds+c/ |qj+1—hjq\ds+oh/ X, — 9,X|ds
0 Py 0 0

t

1/2
SC’h( |L — Lp|? ds> +CQ; + ChT; + ChYj,

0

and similar estimates can be established for fg | A, ds.
To summarize, we obtain the following estimate on I;:

t 1/2
|hjq — qj| < CR3?| X0 gz (r,) + Ch (/ g — thlizds> +CQ; + ChT; + ChY;,
0

where we have used (4.5). Applying (4.8), we get

t
Ihia() — 45 (1) 224, < O (XOl%mj) + / 100X 201,y + |X||%,2<S,.)ds)
t
+ Ch2/0 hlla = anllzz + la = anllZ2(s,) + 1T = Talliecs,) + 10:X — 0 Xnl7a(s,)ds-

Summing up over all grid elements I; yields

t
Ch?|lg — qnlz= < Ch* + Ch2/ lg = anlz2 + 17 = TalZ2 + 10:X — 8 X Z:ds,
0
where we have used the inequality
Ihsa(t) — G5O,y = h2la — anl2eqry = Ch2la — anllder .
Finally, the desired estimate is concluded by a Gronwall argument. ]

We are now in a position to prove Theorem 2.5.

Proof of Theorem 2.5. Since the nonlinear terms in (3.1) are locally Lipschitz
with respect to X, the local existence and uniqueness are guaranteed by standard
ODE theory. Let T* € (0,T) be the maximal time such that the semidiscrete solution
X, exists and the following estimates hold:

(49) inf |(3'§Xh| > I€1/2 and sup |6§Xh‘ <2ky Vte [O,T*]

Combining Lemmas 4.1 and 4.4 and employing Gronwall’s argument, we can obtain
that for any ¢ € [0, T*] the following holds:

t
(4.10) //\8tX—8tXh|2qhd£ds+ sup [ |T —Thl? qndé < Ch2.
0 Jst

0<s<tJst

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/15/25 to 86.142.19.21 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

A STRUCTURE-PRESERVING PFEM FOR AP-CSF 2007

Plugging this back into Lemma 4.4, we obtain, for any ¢ € [0,7*],
(4.11) la— anl3: < On.

By Lemma 4.2, there exists hg > 0 depending on C),Cp,k1,k2,T, and K(X) such
that for any 0 < h < hg, we have

inf |0: Xp| >3k1/4 and sup|0:Xp| <3ke/2 att=T".

By standard ODE theory, we can uniquely extend the above semidiscrete solution in
a neighborhood of T*. And by continuity, we obtain

inf |0: Xp| > k1/2 and sup|0:Xp| <2ko in a neighborhood of T™*.

This contradicts the maximality of 7%, and thus 7% = T. Thus (4.9)-(4.11) hold
for t € [0,7], and the nondegeneration property (2.6) follows by (4.9) and Assump-
tion 2.1 by noticing that g; = h;q,. We derive the error estimate by integration and
(4.4):

IX(0) = X0l = [ 1X = XafPae+ [ ocx —0cx, Pag
2

t
§2/ (/ 8tX_atth3> d§+2|\X°—IhX°||%2+\\q—thI%z+/ T — Thl?qqndé
st \Jo st
t
§2/ T/ 10, X — 0, X3 |2dsd€ + Ch? < Ch?,
St 0

and the proof is completed. 0

5. Numerical results. In this section, we present a fully discrete version of
(2.4) to simulate the AP-CSF. Choose an integer m, and set the time step 7=T/m,
ty = k7, k =0,...,m. For simplicity, we choose a uniform mesh, i.e., {; = jh for
0<j<Nand h=2. Wetake X§ =1I,X°. For k> 1, find X} = | Xkp; €V},
by

/ |85X,’f’1|5TX,’f-vhd§+/ e XF - Ocvn/ |0 X5 d€

St St

+/ h2|0e X1 |00, XJ - Devn /6 dg+/ 21(Be XF)E - op /LTI dE=0 Y v, €V,
Sl Sl

where 4, is the backward finite difference 6, X" = (XJ* — X"~ ') /7, and L™ is the
perimeter of the curve of X }If ~1. Or, it can be written equivalently as a discretization
for the ODE system (3.1):

k—1 k—1 k k k k
G T4 (X].“ _ X}_{:71> _ Xj+1 — Xj Xj — Xj—l m (X’? _ xk )i —0.
o J J q;c_;l qf—l Ll;—l J+1 Jj—1

First, we test the convergence rates in the L? norm, H' seminorm, and the error
of velocity, respectively. Since the exact solution of the AP-CSF (1.2) is unknown, we
consider the following numerical errors:
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o k 4k
(E) - (T):= | max 1557 = X jall 2oy
k k
() (T):= | mmax 19X - = eXinfo rjall ooy
1/2
T/7-1 k+1 k 4k+1 vk

E)pr (D)= 3 THXh’T ~ Xhr  Xnjzrsa Xh/z,f/zl)2

hr ' = T T/4 L2(S) ’

where X ;fﬁ represents the solution obtained by the above fully discrete scheme with
mesh size h and time step 7. The corresponding convergence order is defined as

(gi)h,”r (T) .
Order,; —log <W /10g27 2—1,2,3.

The errors and convergence orders are displayed in Table 5.1, where we choose
h = 27 /N and 7 = 0.5h% and the initial value is given by X°(&) = (2cosé&,siné).
The results indicate that the numerical solution converges linearly in space in the H*!
seminorm, which agrees with the theoretical analysis in Theorem 2.5. We can also
observe that the solution and the velocity converge quadratically in L{°L2 and L?L2,
respectively, which is superior to the analytical result in Theorem 2.5.

Finally, we check the structure-preserving properties of our algorithm, for which
we take very tiny time step size 7 such that the temporal error can be ignored. As
is shown in Figure 5.1(a), the length of the curve is decreasing during the evolution,
which confirms the theoretical analysis in Theorem 2.4. Furthermore, Figure 5.1(a)
shows that the area is almost preserving, and, more specifically, Figure 5.1(b) indicates
that the area enclosed by the curve has a numerical error at O(h?). The evolution
of the polygon with the number of grid points N = 15, which approximates the
evolution of the ellipse determined by z2/4 4+ y? = 1, is shown in Figure 5.2, from
which we clearly see that the polygon remains convex during the evolution, which
verifies the convexity-preserving property in Theorem 2.3.

TABLE 5.1
Numerical errors up to T =1/4.

N (51)h T (1/4) Order1 (Eg)h T (1/4) Orderg (53)h T (1/4) OI‘deI‘3
16 2.08E-2 - 1.15E-0 - 3.09E-2 -
32 5.42E-3 1.94 6.01E-1 0.94 1.01E-2 1.61
64 1.37E-3 1.99 3.03E-1 0.99 2.76E-3 1.87
128 3.42E-4 2.00 1.52E-1 1.00 7.09E-4 1.96

10 -107°

9.5 (a) 4 L

9

8.5

AA 1074
8

75 Perimeter

= = -Area
7

6.5

107"

Fi1G. 5.1. Numerical results for an initial ellipse curve (i.e., % +y?=1): (a) Evolution of the
perimeter and area; (b) the area loss at T =1/4 for different N.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/15/25 to 86.142.19.21 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

(4]

(5]

(7]
(8]
[9]
(10]

11]

(12]

(13]

14]

(15]

[16]
[17]
(18]
(19]

20]

A STRUCTURE-PRESERVING PFEM FOR AP-CSF 2009

—— =0
———1t—0.5
2L t=1.0 ||
<. —— t—=3.0
0.5 - i
o i
-0.5 - i
-1 . 4
1.5 b i
-2 -1 o 1 =2

Fic. 5.2. The evolution of an initial convexr polygon under the AP-CSF.
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